School choice is a key factor connecting personal preferences (beliefs, desires, and needs) and school offer in education markets. While it is assumed that preferences are highly individualistic forms of expectations by means of which parents select schools satisfying their internal moral standards, this paper argues that a better matching between parental preferences and school offer is achieved when individuals take into account their relevant network vicinity, thereby constructing social expectations regarding school choice. We develop two related models (individual expectations and social expectations) and prove that they are driven by a Lyapunov function, obtaining that both models converge to fixed points. Also, we assess their performance by conducting computational simulations. While the individual expectations model shows a probabilistic transition and a critical threshold below which preferences concentrate in a few schools and a significant amount of students is left unattended by the school offer, the social expectations model presents a smooth dynamics in which most of the schools have students all the time and no students are left out. We discuss our results considering key topics of the empirical research on school choice in educational market environments and conclude that social expectations contribute to improve information and lead to a better matching between school offer and parental preferences.
Introduction
As a consequence of fiscal deficits and changes in the political arena, several countries in Europe, the Americas, and other world regions began to introduce a market competitive approach in the design and organization of public services during the 1980s and 1990s [1] [2] [3] . In this shifting policy landscape, education underwent major changes worldwide, mostly related to schools' competition for students and a wider range of choice for parental selection of schools [4] . Since then, a political and scholarly debate on the publicprivate structure of school systems and its consequences has developed.
In the 1990s, for example, Chubb and Moe [5] , in a highly controversial article, argued that bureaucratic control over schools must be eliminated and replaced by school market and parental choice as key factors for improving efficiency in primary and secondary education. Similarly, [6] concluded that the opportunities for individual choice in countries such as The Netherlands, England, and Scotland increased significantly because of market reforms. References [7, 8] , on the contrary, argue that education policy evolved to combine competition and cooperation, namely, local management, pupil-led funding, parental choice, on the one side, and a core curriculum and state regulation, on the other. Likewise, [9] observes that parental choice does not directly means that families become customers or consumers in an educational market environment. Also entangled with the concept and practice of school choice are the exercise of liberal rights (the right of parents to decide the school of their children) and the operation of mechanisms of distributive justice (granting the possibility of poor families to select the same or similar options that richer families). In the last decade, the controversy remains. While some analyses emphasize that school choice, as a right to decide or promote distributive justice, is highly constrained by the prevailing inequities in the social environment (e.g., [10] [11] [12] [13] ), others highlight the achievements of parental choice, vouchers, and charter schools in increasing the options to choose from for families in regions with failing or low performance schools [14] , in improving the general quality of the system through competition (e.g., [15, 16] ), and in achieving a better match between quality school offer and parental preferences (e.g., [17, 18] ).
More than four decades of debate regarding school choice seem to involve not only controversial scientific analyses and empirical evidence, but also contrasting epistemic standpoints and opposite political stances that reveal the complexity of modern school systems and their relevance in contemporary society [19, 20] . In cases like this, a modeling and simulation approach to complex systems could be useful to capture the fundamental dynamics behind the historical and empirical variation that characterizes the concrete performance of school systems in different social contexts. In doing so, the analysis certainly detaches itself from particular cases or specific stories, yet it gains in abstraction and generalization to observe relevant patterns that emerge from simple rules or distinctions lying at the basis of complex phenomena.
One fundamental distinction in the school choice debate has always been the difference between institutional framework (school offer, either public, private, or hybrid, with different attributes) and selecting agents (parents or families with a clear motivation for improving their own children's outcomes). In this paper, we focus on the selecting agents and consider that the institutional framework offers, at a given time, a certain set of attributes that may or may not match with the parental set of preferences. By focusing on the selecting agents, we aim to contribute to a clearer, though mathematically stylized view on parental preferences. The debate on school choice generally assumes parental preferences as highly individualistic forms of expectations with already internalized societal values that can be directly transformed into actions and decisions [21] , in this case, a school choice. While in certain cases this may work for individuals with strong preferences (beliefs, desires, and needs), social relations or particular social situations contextually change individual preferences through social influence [22] and social interactions that take place in the very process of decision-making [23] .
By applying computational simulations, in this paper we concentrate on the dynamics of preferences (either individual or social) and the way they impinge upon the general complex dynamics of the school system. We propose two mathematical models of choice where the nodes of a network represent individuals and the edges interconnecting them symbolize social relations. In the first model, given an initial configuration of choices in each node of the network, individuals make a decision according to a deterministic rule of choice over a set of attributes based on two steps: first, her own preferences regarding school attributes and, in case of a tie between two or more possibilities, the most represented attribute (the majority rule) is selected. Conversely, in the second model, we analyze the opposite dynamics. We consider first the most represented attribute in the network vicinity (according to the majority rule), and only in case of a tie (between two or more attributes), we take into account the individual preference. We show that both rules of decision express two different dynamics. To that extent, it matters which decision rule is taken first, if that based on the individual or that based on the majority rule.
The majority rule model [24, 25] has been applied in the analysis of complex systems in fields such as biology (neural networks) [26] , physics (spin glass model) [27] , and social sciences (voting problems) [28] [29] [30] [31] . The novelty in our case consists in studying more than one level decision rule (two in our article) in a social domain. Considering these two above-described models, we call the first one, the model of individual expectations, and the second one, the model of social expectations. While the former understands persons as predominantly individualistic agents who are able to compute alternatives to decide based on their own strong beliefs, desires, and needs, the latter introduces the influence of the social landscape (network vicinity) as a key factor explaining school choice decisions. The rules of decision at the basis of these models, although simple, produce nonlinear behaviors, and since individuals act in a finite network of many agents, their dynamics is in some respects unexpected and cannot be deduced from the analysis of the local behavior. The emergent patterns obtained (attractors of the dynamics) are more than the aggregation of the individual behavior of each agent. In other words, our models of school choice behave as complex systems.
Concretely, our simulations show that the stronger the individualistic view on school choice is performed by parents, the more likely is that the system presents an unstable dynamics characterized by a probabilistic transition and a critical threshold [32] . Since individual expectations are deemed stable (strong beliefs, desires, and needs), most of the individuals (parents) will select those schools whose attributes perfectly match their heterogeneous preferences, producing over population of some schools and under population of others. On the contrary, considering social expectations, no transition appears, thereby suggesting that social expectations bring about a more smooth system dynamics than individual expectations regarding the matching between school offer and parental preferences in school choice. In this case, from a priority of individual expectations (strong beliefs, desires, and needs) the dynamics of school choice moves to a priority of social expectations in which the former are adapted, even modified, according to social interactions with the network vicinity in decision-making processes [33] .
In order to deploy this argument, the article proceeds as follows. First, we construct the two variants of our model of school choice (individual expectations and social expectations). Second, we consider a Potts-like energy to measure the convergence of the two strategies. Third, we run simulations for these strategies. Fourth, we connect the results of our simulations with some relevant topics in the empirical literature of school choice. And fifth, we draw some conclusions from the analysis. 
The Model
We consider two related models of school choice. We call the first one the model of individual expectations, which gives priority to personal preferences (beliefs, desires, and needs), i.e., individual choice privileges the maximum matching between preferences and school offer. The second one is called the model of social expectations. Here, priority is given to preferences of the network vicinity. We develop both models below.
Individual Expectations Dynamics.
Let us consider = {1, 2, . . . } the set of states. Each state is associated with a vector of attributes ( ) = ( 1 ( ), . . . , ( )) ∈ {0, 1} . Each element ( ) ∈ {0, 1} of this vector represents an attribute of the state . That is, ( ) = 1 if and only if, the state or school has the attribute . Further, we consider a network defined by a graph = ( , ), where represents the set of individuals and the links between them. For a network of individuals, let = ( 1 , . . . , ) be a state of the network where ∈ . Also, let ( ) ∈ {0, 1} be the expectations of the -th individual. We emphasize that is a state in , and the are states in .
We propose the following dynamics. Consider the asynchronous updating scheme, i.e., at each step an individual is randomly chosen and updated under the following local decision rule: given the chosen individual , the state , and the attribute vector: ( ) ∈ {0, 1} ∀ , we check from all the neighboring nodes, i.e., ∀ ∈ , which neighbors satisfy
where the symbol ⋅ represents the inner product, i.e., ( )
From all the neighbors that satisfy (1), we select randomly one of them. We call this neighbor * . Then, the new state for is
If no neighbor satisfies (1), then we consider neighbors satisfying the condition
In this case, we select the winning state by majority voting, the most represented state in the neighborhood. If the winning state is associated with neighbor * * , then the new state for will be = * * .
If no neighbor satisfies any of the two previous conditions, then remains the same. In case of a tie (two or more states equally represented in the neighborhood), we must consider the following: (i) if one of the states corresponds to the same state of , then the winner is the state of , and therefore remains the same; (ii) if the state of does not belong within the states that are tied, then the winning state is selected randomly from the tied states.
The central idea behind this updating procedure is that the new state fits better with the expected attributes of (condition (1)) or it is represented by the neighborhood (condition (3)).
Social Expectations Dynamics.
This dynamics is similar to the previous one, yet in this case, we focus on generalized social preferences. We first apply majority voting, i.e., the most represented state in the neighborhood of the selected individual and, in case of a tie, we select a neighbor that maximizes the correlation with individual expectations.
As in the previous case, we consider the asynchronous updating scheme. The chosen individual is the most represented state in the neighborhood. For doing this, we have to consider the following quantities: ( ) = |{ ∈ / = }| for any ∈ and = max( ( )/ ∈ ). If there exists at least one neighbor * , such that = ( * ), then the next state of individual will be = * .
In case of a tie, i.e., there exists several neighbors such that = ( ), we choose one neighbor considering that
If the previous condition does not hold, the state of individual remains unchanged: = .
In this model, we notice that the new state is given by the most represented state in the neighborhood. Individual expectations only play a role if there are more than one (most) representative state in the neighborhood. In this case, instead of choosing randomly any of these representative states, condition (5) is used to carry out the selection of the winning state. Either way, in contrast with the individual expectations dynamics, here the resulting updated value (if updated) will be the most represented state in the neighborhood.
Lexicographical Energy Associated with the Dynamics
In order to characterize and monitor the convergence of the dynamics of both models, we define the following quantities. First, let us consider the quantity that measures the level of mismatch of individual expectations with the attributes that a school offers, given by
Second, let us consider the Potts-like energy [34] :
where
Complexity and
We combine both quantities in the following vector:
To analyze the vector quantity L( ), we consider the lexicographical order; i.e., given two real values, , V, we say that a couple ( , V) is lexicographically smaller than a couple ( , V ) if and only if < or = and V < V .
Suppose now that we updated the individual with the rule of the individual expectations dynamics (Section 2.1), so the new state configuration is such that = ∀ ̸ = and ̸ = such that is the new -th state given by the local rule (1) . Therefore, because the update is accomplished, one has ( ) ⋅ ( ) > ( ) ⋅ ( ), then A( ) < A( ) and lexicographically L( ) < L( ). Notice that the condition A( ) < A( ) means that, as a consequence of the evolution by the rule, the vectors ( ) and ( ) become aligned (or mostly parallel) on average. This alignment represents essentially the mechanism of adaptation of the expectations.
Otherwise, if the update is conducted under the condition (3), i.e., ( ) ⋅ ( ) = ( ) ⋅ ( ), then A( ) = A( ), but the new state is the most represented in the neighborhood. Since the are symmetric, we have
thus,
When an individual changes state, the vector L lexicographically decreases strictly. So L can be considered as a kind of Lyapunov function (decreasing monotone function) driven by the network dynamics. Moreover, we may bound the number of steps needed to reach a fixed point. In fact, we have
where is the number of attributes and ‖ ‖ = (1/ ) ∑ , | | ≤ 1. Therefore,
thus, L( ) is lexicographically strictly decreasing and bounded. For any initial state configuration the asynchronous dynamics converges to a fixed point (every site remains invariant) at most in ∼ O( 2 ) steps.
For the social expectations dynamics (Section 2.2), where the update value is given essentially by the most represented state in the neighborhood, we have shown that for this case E( ) < E( ). Therefore, by interchanging the order of the components of the vector
we have the same convergence as above, that is,L( ) < L( ). So, we conclude that both strategies, the individual expectations model and the social expectations model, converge to fixed points, yet not necessarily at the same speed nor to the same fixed point.
In the next section, we develop simulations for those dynamics. For illustrative purposes, the states in the previous models will be seen as schools having some attributes.
Simulations of the Two Strategies
In this section, we compare the convergence to fixed points of the two strategies (individual and social expectations) for different configurations of the schools' attribute vector and the individual expectations vector . The simulations presented below were done using a squared two-dimensional regular lattice of 64 × 64 nodes with periodic boundary conditions. Each individual is connected with the closest neighbor in a Moore vicinity. In both cases, i.e., individual and social expectations, we consider the number of states = 100 and a number of attributes ranging in ∈ {2, 10}. We randomly explore and as follows. With probability , a school attribute is set to 1. That is, a school has on average positive attributes. Similarly, an individual expects a specific attribute with probability . Hence, she demands on average attributes. We vary from 0.01 to 0.99 with a step increase of 0.0125, and we consider = 1 − . Once the dynamics converges to a solution (fixed point), we analyze the fraction of schools that have been selected, or equivalently, the fraction of schools with students.
The Dynamics of Individual Expectations.
Numerical simulations of the individual expectation models (Section 2.1) show different scenarios. For = 2, Figure 1 shows a transition from only a few schools with students to almost all the schools with students as → 1 (thus, → 0). With a critical transition threshold at * = ≈ 0.45, it is more likely that, for values of > , all (or most) of the schools will be selected. On the other hand, for < only a few schools will be selected. In this last case, we have that all of the 64 × 64 = 4096 individuals (families) select a few schools. Therefore, if we consider that in reality schools have a fixed capacity, in practice there would be students left out. can match individual expectations. The distribution of the number of students per provider is strongly localized into a reduced number of schools.
On the other hand, Figure 3 considers an example when > , in particular, for = 2 and = 0.75. We observe that the concentration of preferences on a reduced number of schools changes as the intensity of individual expectations decreases, namely, = 0.25. In other words, when the number of attributes is small and individual expectations are relaxed, more schools satisfy the individual expectations.
When we consider = 10, we obtain a transition and a critical threshold ( * = ≈ 0.47) similar to Figure 1 . Figure 4 is an example with the parameter settings of Figure 2 but considers = 10. We observe the most extreme case of concentration of preferences. Considering a real-case scenario, this would mean that a number of families is left unattended by the prevailing school offer, and that most of the schools receive no preferences from parents.
Finally, Figure 5 is an example with the parameter settings of Figure 3 , now with = 10. We observe that the strong concentration of preferences on a reduced number of schools disappears as individual expectations become more relaxed.
The main observation of this simulation is that the intensity in which individuals expect their personal beliefs, desires, and needs (individual expectations) to be satisfied by providers is a crucial factor for a better matching between school offer and parental preferences. The diversity of schools attributes (either =2 or 10) is a secondary factor affecting this matching.
The Dynamics of Social Expectations.
Here we repeat the same simulations as before, but using the social expectations model. For = 2, Figure 6 shows that there is practically no transition as → 1 (thus, → 0). This is interesting, since we can appreciate the effect of previous social interactions and the scanning of aggregated preferences in the network vicinity, especially for individuals with high expectations, where now, they will most likely end up matching with a school. For = 2, Figure 7 shows an example for = 0.25, and Figure 8 shows an example for = 0.75. When we consider = 10, we observe a similar behavior as for = 2, i.e., no transition. In this case ( = 10), Figure 9 shows an example for = 0.25, and Figure 10 shows an example for = 0. As expected, we see from the examples that or do not have a significant impact on the fraction of schools with students, but more on the distribution of students per school.
Discussion
Connecting the results of our simulations with some relevant topics in the empirical literature of schools choices, we can establish some interesting insights. Our main contention is that by relying only on individual expectations (parents' strong beliefs, desires, and needs), the system experiences an unstable dynamics characterized by a nonlinear transition of probabilistic origins. In this complex behavior "a positive feedback pushes a runaway change to a contrasting state once a threshold is passed" ( [32] : 104). In our case, the persistence on individual preferences in school choice decisions (positive feedback loop, Figure 1 ) works as a lock-in mechanism of systems' behavior [35] that leads with < 0.45 (critical threshold for = 2) to an over-concentration of demand in few schools that meet those heterogeneous preferences. A lock-in mechanism is caused by a "self-reinforcing adherence to a mode of behavior
[that] tends to promote inertia, a lack of responsiveness to changes in the environment" ( [32] : 245). In our case, this self-reinforcing adherence is represented by the persistence of parents selecting schools that perfectly match with their own beliefs, desires, and needs, even once the capacity of schools for attending children is surpassed. The over-concentration of demand and consequently the fact that in this case a number of families would be left unattended by the prevailing school offer push the system to another probabilistic state ( > 0.45 for = 2). In this state, each school receives preferences from parents. The system becomes thus unstable: beyond the critical threshold, it undergoes reorganization and moves to another steady state. On the contrary, when the school choice relies on social expectations (the most represented state in the neighborhood of the selected individual), the system shows a rather stable dynamics in which all the schools receive preferences by parents. One fundamental presupposition of school choice is that parents rely on a rational model of behavior that considers only individual expectations organized in terms of costs, benefits, information, and opportunities [10, 20] . Our simulations show that this model of decision-making (individual expectations) converges to alternative fixed points at the cost of systemic instability characterized by a probabilistic transition once the critical threshold has been reached ( Figure 1) . Instead, no transition appears in the social expectations model. This model positions parents in a rather sociohistorical context (networks, relations, shared experiences, social memory). It represents a socially more efficient situation, since by primarily scanning the preferences in the social landscape and secondarily the personal experience (in case of a tie, o more concretely put, in case of indecision), individuals may choose schools by giving priority to the information provided by their networks considering the position one has in a particular social setting (what can I realistically aspire to?) and the eligible schools according to it (what is the hierarchy of priorities?).
As we know from the literature, one major motivation of parents regarding school choice is to improve the outcomes of their children by accessing to higher quality schools and to a better match between school offer and parental preferences [18] . Our simulations show that increasing the social interaction with the neighborhood is the best option for an improved matching. If individual expectations are too strong (i.e., parents do not need persistent interaction because their beliefs, desires, and needs are the only thing that matters), the system runs the risk of over-concentration of demand in a few schools located below the critical threshold (Figure 1 , < ). On the contrary, when individual expectations are more relaxed-i.e., over the critical threshold in Figure 1 ( > ), or when we consider social expectations ( Figure 6 )-a distributed pattern of school choice and parental preferences appears. In other words, by scanning the social landscape (network vicinity) individuals may adjust their preferences so that different schools can meet their adaptive requirements. The social landscape becomes thus a way of individuals to reflect upon and change their own beliefs, desires, and needs.
In addition to parents preferences, availability of schools, defined as the existence of schools in a given district, and accessibility, defined as the probability of families to be accepted by schools, are also relevant conditions of school choice [12] . Considering our simulations, Figure 1 (individual expectations) shows lower conditions for accessibility particularly below the critical threshold ( < c ), irrespective of whether schools exist in the neighborhood or not. On the contrary, accessibility significantly increases in Figure 6 (social expectations) for all individuals (families). In this sense, for improving accessibility -and, therefore, for parents to perform a better matching between school offer and preferences in a market environment-social expectations seems to be a primary factor to be taken into consideration.
Competition for the top schools is an operational condition in a market environment that allegedly improves quality of schools services and leads to better outcomes [6] . When we consider Figure 1 , and particularly Figures 2(a) and 2(b) (individual expectations below the critical threshold, < ), competition is reduced to an insufficient number of schools, while others are excluded from competition and, therefore, from its eventual positive effects. In this case, competition among schools depends on individuals relaxing their preferences (particularly Figures 3(a) and 3(b) ). Alternatively, when school choice takes into account social expectations (Figure 6 ), incentives for schools to compete for (better) students increase, since every school may receive a significant fraction of students. Additionally, "schools cannot allow themselves to be perceived as ordinary[, ] so they must represent themselves as being especially successful, distinctive, and desirable" [11] (page 405). Since our model of social expectations considers individual expectations in case of a tie of states in the neighborhood, more and better students and a better matching of parental preferences are relevant factors that reinforce the need of schools for a positive self-representation regarding competition.
Broadly speaking, our simulations support views on school choice in market environments that consider the relevance of scanning and interacting with the relevant social landscape (network vicinity) for a better informed decisionmaking process [8-10, 33, 36] . In so doing, individuals can combine strategies of competition among unknown individuals with forms of cooperation with the proximate network. Furthermore, they can obtain better information about particular schools (old and new) and gather multiple perspectives on a single school. Subsequently, with this improved information from their networks, they can also design strategies aimed at increasing their social capital by selecting schools preferred by groups of higher socioeconomic standing. As a consequence, by relying primarily on social expectations and secondarily (in case of a tie of most representative states in the neighborhood) on individual expectations, the rather individualistically oriented market of school choice may turn into a more public oriented landscape.
Conclusion
We have analyzed two simple dynamical models of decision that represent the school choice problem under two views, one that focuses on individual expectations when deciding for a school, without major consideration of the social environment in which the decision is made, and the other focused on social expectations modeled by the neighborhood preferences when deciding for a school. Through computational simulations, we found a probabilistic transition (and a critical threshold) on the number of schools with students in the individual expectations model: when < 0.45 the demand concentrates in a few schools; when > 0.45 most of the schools receive students, whereas for the social expectations model, we found no transition. Thus, most of the schools will have students all the time. In this case, the probability parameters played a more relevant role in the number of students per school.
In relation to key topics highlighted by the school choice literature, our simulations show that the social expectations model (scanning the social landscape for network relations, shared experiences, social memory, and information) represents a more socially efficient situation that may help individuals (parents, families) to increase their options of accessibility, information, social capital, and improved school performances. As a consequence, a better matching between school offer and parental preferences arises that contribute to a more public orientation of school choice in a market environment.
We focused in this paper on the problem of school choice as an illustration of the performance of the models in a complex social environment. However, the models and the emergent dynamics they bring to light are applicable to other fields in social sciences in which nonlinear behavior might appear. Political elections particularly in two-round systems comparing first election and ballotage, international relations especially in cases of complex coordinations and negotiations with many layers and actors, or economic decisions regarding the exploration of new productive landscapes and the innovation with novel technologies, are possible social fields in which the operation of the two-level decision rule (individual decision versus majority voting, or individual versus social expectations) may show its applicability as in the analyzed case of school choice in a market environment.
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